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Abstract 
The 5 axis continuous milling is an advanced technique for free-form surfaces manufacturing. In finishing, this technique uses ball-
end or hemispherical milling cutter. This type of operation for 5 axis milling allows the possibility to tilt the tool with two different 
angles. As a consequence, a mass of geometrical configurations exists and establishing accurate parameters is quite difficult to 
define. A geometrical model has been developed to find the effective cutting diameters and cutting speed on the cut and the finished 
surface. After an experimental validation, this study proposes an analysis of several 5 axis milling configurations in order to 
perform this technique. 
 
© 2012 Published by Elsevier BV. Selection and/or peer-review under responsibility of Prof. Konrad Wegener 
Keyword: Cutting; End milling; Effective diameter
1. Introduction 
The 5 axis continuous milling is an advanced 
technique for free-form surfaces manufacturing. 
Aeronautics, spatial, and energy sectors are renowned 
users of complex parts such as blades, impellers or 
inducers, which can be made with titanium alloy [1], a 
difficult-to-cut material [2]. For finishing these parts, 
ball-end or hemispherical solid milling cutters are 
usually used. 
This type of 5-axis milling operation is defined with 
different cutting conditions as the tilt & lead angles. As a 
consequence, a mass of geometrical configurations 
exists, making it quite difficult to establish adapted 
cutting parameters. There is a need to characterize and to 
model the effect of geometrical milling configurations 
and their consequences on the milling operation and on 
the obtained surface quality.  
The cutting speed is one cutting conditions which 
characterize the cutting operation. In milling operations 
the spindle speed is fixed in the operation. In order to 
have the cutting speed on one particular point of the 
cutting edge, it is necessary to know the effective cutting 
diameter. Analytical point of view exists [3] to 
determine the cutting speed and the effective cutting 
diameter in special case with only tilt or lead angle. No 
generalization is possible with this approach because 
Boujelbene supposes that the minimum and the 
maximum effective cutting diameters are determined in 
the same plane. On the other hand, [4] had a first 
analytical approach but limited to the lead angle. Then, 
[5] and [6] had a new approach based on CAD model 
intersection of the part and the tool for any type of 
trajectory. The manufacturing program is an input data 
of their approach to know the cutter engagement 
geometry. These authors did not establish an analysis of 
the different milling configurations based on the 
effective cutting diameters.  
This paper proposes to show the effect of the cutting 
conditions and in particular the tilt and lead angles on 
the cutting speed and effective cutting diameters on the 
cut and the finished surfaces. The first part of the study 
focuses on the geometrical model of the 5 axis milling 
operation and the results are the effective cutting 
diameters for the cut and the finished surfaces. 
Afterwards, experimental tests are conducted in order to 
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valid the previous model. Then, a discussion is proposed 
to classify the different situations of cutting conditions 
and milling configurations to improve the milling 
operation. 
2. The geometrical model of the 5 axis milling 
operation 
A hypothesis is made to establish the model. It is 
considered that the feed movement is negligible behind 
the cutting movement so the tool is modeled by its 
envelope. 
2.1. The process coordinate system 
The process coordinate system is formed by the feed 
T, cross-feed N, and normal surface Z. The specificity of 
the 5 axis milling operation is to manage the tool axis 
orientation in relation to the normal surface axis Z as 
shown in Fig 1.  
In this study the axis tool orientation is defined by the 
tilt and lead angles as shown in Fig 1. The lead angle βf 
is measured between the projection of the axis tool in the 
plane (N, Z) and the normal surface Z. The tilt angle βn 
is positioned between the projection of the axis tool in 
the plane (T, Z) and the normal surface Z. The tool axis 
is noted Zt. 
 
 
Fig. 1. Definition of the lead ȕf and tilt ȕn angles 
The axial depth of cut aa is determined in the Z 
direction between the tool’s lower point and the upper 
surface of the part. The radial depth of cut ar is the 
algebraic distance of the path between the actual tool 
trajectory and the previous trajectory. The radial depth 
of cut is positive if the surface to cut is at the right side 
of the plane (Z, T), when the tool goes straight ahead. 
Fig 1 represents a positive radial depth of cut. 
The envelope of the tool is modeled by a sphere with 
a radius rt equal to the tool radius and the point O as the 
center of the sphere. The point O has the coordinate 
{0, 0, rt} in the process coordinate system. 
2.2. Definition of the cut and the finished surfaces 
The scallop height Rz is calculated with the 
equation 1: 
4
2
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ttz
arrR −−=  (1) 
The picturing of the colour surface is a function of the
altitude of each point. All points higher than the scallop
height is the surface to cut and will be cut in a next path
of the tool (represented by the dark grey level) otherwise
the finished surface (in lighter grey level) as in Fig 2. 
The geometrical model of the part during milling
(Fig 3) is composed with the actual tool path, several
previous tool paths, the cut surface which is the
intersection between the sphere of the tool envelope and
the part and finally, the surface to cut which will be cut
in a next path. Each path is modeled by a cylinder with a
radius rt. Each path is distant of the radial depth of cut ar.
The cut surface is modeled by a sphere portion
represented by the white colour in the Fig 2. 
 
 
Fig. 2. The part in process with the cut and finished surfaces 
3. The effective cutting diameters 
3.1. Interest for the cutting speed 
The cutting speed Vc (m/min) of one cutting edge
point is calculated by the equation 2: 
 
1000
ND
V effc
⋅⋅
=
π  (2) 
In the equation 2, N is the spindle speed (rev/min)
and Deff is the effective cutting diameter (mm). Each
point of one cutting edge of a ball-end mill has a
different diameter. This effective diameter is included
between the maximal diameter that is the tool diameter
(2 × rt) and the minimal that is zero. The latter is
obtained by the cutter location point CL. In a 5 axis
milling configuration in order to calculate the minimal
and maximal cutting speed of the tool, it is necessary to
know all effective cutting diameters which are in contact
with the part. 
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3.2. The borders of the intersection between the part and 
the tool envelop 
To obtain the effective diameters, the borders 
between the sphere of the cut surface and the part have 
to be modeled. There are 3 borders as shown in Fig 3. 
 
 
Fig. 3. The part in process with the borders of the cut surface 
• Border B1: Sphereŀplane 
This border is the intersection between the plane of 
the surface to cut located at the altitude aa and the sphere 
of the tool envelope with rt as radius. So the border B1 is 
a circle that can be modeled as a parameterized curve:  
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• Border B2: Sphereŀactual tool path 
This border is the intersection between the cylinder of 
the actual tool path with rt as radius and the sphere of the 
tool envelope also with rt as radius. So the border B2 is a 
circle that can be modeled as a parameterized curve:  
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• Border B3: Sphereŀprevious tool path 
This border is the intersection between the cylinder of 
the previous path with rt as radius and the sphere of the 
tool envelope also with rt as radius. The sphere can be 
parameterized as the following equation: 
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The cylinder of the previous tool path can be modeled 
in Cartesian as: 
[ ] ( ) ( ) ttr rrzayzyStepev −−+−= 22,_Pr  (6) 
So, the B3 border is obtained with the convolution of
the equation 4 and 5 which allows finding a function
θ[z]. As a result the border B3 is: 
B3[z] = Sphere [ ș[z] , z ] (7) 
The intersection between two borders can be
calculated as limit for each border. The intersection
between B2ŀB3, B3ŀB1 and B1ŀB2 generate three
limit points (Fig 3) P1, P2 and P3. 
3.3. The calculus of the effective cutting diameters 
The distance between a point M of one border and the 
axis of the tool (O, Zt) is calculated by: 
( )[ ] tt ZOMZOMceDis ×=,,tan  (8) 
The maximum effective cutting diameter is
determined as twice maximum of the function Distance
on the three borders: 
( )[ ][ ]tieff ZOBiceDisMaximumD ,,tan2max ⋅=  (9) 
The minimum effective cutting diameter is
determined as twice minimum of the function Distance
on the three borders. But if the cutter location is in the
cut surface, the minimum effective cutting diameter is
equal to zero: 
( )[ ][ ]tieff ZOBiceDisMinimumD ,,tan2min ⋅=  (10) 
All equations are implanted in Mathematica software
and allow some graphical issues (Fig 4). 
3.4. The effective cutting diameters generating the 
finished surface  
In order to have more information on the milling
configuration, the effective cutting diameters can be
determined with changing the depth of cut equal to the
scallop height (Equ. 1). That approach gives information
about the effective cutting diameters machining the
finished surface (Fig 4) and allowed to know the range
of the cutting speed which machined the finished
surface. 
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Fig. 4. Effective cutting diameters on the cut and finished surface of 
the configuration: rt = 8 mm, ȕf = 20°, ȕn = 20°, ar = +1.5 mm, 
aa = 1 mm 
3.5. Analysis of the effective cutting diameters  
The observation of the different effective cutting 
diameters shows that in the general cases, these 
diameters cannot be determinate in one cross section. 
The existing formulas in previous study [2] can be 
applied to a very limited number of cases but not in the 
majority of cases. 
4. Experimental tests 
The objective of the cutting test is to validate the 
geometrical model. A comparison of the effective 
cutting diameters on the cut surface between the model 
and cutting tests will be achieved. The test is carried out 
on one linear trajectory of the tool on the part with 
specific cutting conditions. To measure the effective 
cutting diameter on the ball-end mill, yellow paint is 
deposited on the tool. After each cutting test two photos 
are taken for each tooth, a first photo of the rake face, to 
see precisely where the paint was removed (Fig 5) and a 
second photo in order to see the place where the tool was 
in contact with the part. The hypothesis is that the chips
created on the rake face removes the yellow paint. 
4.1. The condition of the tests  
Experimental tests were conducted with a 5 axis
milling machine ZY\XBC. The tool is a solid carbide
ball-end mill Jabro 160120MEGA-64, the radius of the
tool is rt = 6 mm and has 4 teeth. The Ti6Al4V part has
hardness around 33 HRc. In this situation, the
recommended cutting conditions are: 3000 rev/min as
spindle speed, 0.06 mm/(tooth/rev) as feed per tooth,
+0.4 mm as radial depth of cut and 0.3 mm as axial
depth of cut. These conditions will be the same for all
the rest of the study. Under these conditions, the scallop
height (Equ. 1) is Rz = 3.3 μm. 
The conditions of the tests are mentioned in Table 1
with the outputs of the geometrical model. Table 1 was
established by keeping constant at 45° the angle between
the normal surface Z and the tool axis Zt. The last
condition without tilt and lead angles is an exception. All
types of tool orientations are tested. Table 1 shows the
particularity of knowing the cutting speed of the cutting
edge engaged in specific zones of the part. The
theoretical cutting speed calculated with the tool radius rt
is 113 m/min. Of course this cutting speed is not
reached. The variation of the cutting speed on the
finished surface is low but in the cut surface the relative
deviation is from 16% to 38% of the maximal cutting
speed. The particular configuration without the tilt and
lead angles demonstrates the poor level of the cutting
speed in the finished surface and confirms that it is not a 
comfortable situation for the tool. 
 
Table 1. Test conditions, outputs’ model and measured effective cutting diameters linked with the cut surface 
Test 1 2 3 4 5 6 7 8 9 
ȕf (°) 45 35.3 0 -35.3 -45 -35.3 0 35.3 0 
ȕn (°) 0 35.3 45 35.3 0 -35.3 -45 -35.3 0 
Fi
ni
sh
ed
 su
rf
ac
e Deff min (mm) 8.49 8.29 8.20 8.20 8.20 8.20 8.20 8.29 0.00 
Vc (m/min) 80 78.1 77.3 77.3 77.3 77.3 77.3 78.1 0.00 
Deff max (mm) 8.76 8.77 8.76 8.69 8.49 8.69 8.76 8.77 0.40 
Vc (m/min) 82.6 82.6 82.6 81.9 80.0 81.9 82.6 82.6 3.8 
C
ut
 su
rf
ac
e 
Deff min (mm) 8.49 8.29 8.20 8.09 7.07 5.46 5.41 6.74 0.00 
Vc (m/min) 80 78.1 77.3 76.3 66.6 51.4 51.0 63.5 0.00 
Deff max (mm) 10.14 10.70 10.71 10.29 8.89 8.69 8.76 8.89 3.75 
Vc (m/min) 95.5 100.9 100.9 96.9 83.8 81.9 82.6 83.8 35.3 
M
ea
su
re
d 
Deff min (mm) 8.48 9.03 8.54 8.17 6.98 5.65 5.72 6.95 0.24 
Deviation % 0.15 -8.87 -4.15 -0.96 1.22 -3.50 -5.8 -3.12  
Deff max (mm) 10.22 10.65 10.67 10.01 8.81 8.56 8.86 9.06 3.77 
Deviation % -0.82 0.50 0.38 2.69 0.87 1.54 -1.09 -1.84 -0.48 
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Fig. 5. Tool measurement for the condition: ȕf=20°, ȕn=20° 
4.2. The result of the tests  
For each test and each tooth, the measurements of the 
real effective cutting diameters generating the cut 
surface are calculated. The pictures are obtained with a 
digital microscope. The magnification adopted was from 
20 to 50. The picture of the tool (Fig 5) shows 4 
measurements relative to the tool holder and at right 
angles to the tool holder. A picture is not an orthogonal 
projection of a three dimensional object, so a linear 
correction has to be made in order to find the real 
dimension of each object. 
The average of the effective cutting diameters of the 
four teeth are calculated and presented in Table 1. The 
deviation from the model in percentage is calculated 
between the model and the measurement divided by the 
model. Table 1 shows that the deviations from the model 
are low. The average of deviations from the model is 
1.5% indicating that the geometric prediction of the 
effective cutting diameters on the cut surface is correct. 
5. Discussion 
Table 2. Situations of the uncut point for a 6 mm tool radius and 
3000 rev/min of spindle speed 
 
 
Fig. 6. Cutting speed distribution of four configurations of Table 2 
The valid geometrical model of the 5 axis milling
operation allows studying the different milling
configurations. These configurations are classified by
the situation of the cutter location CL versus the finished
surface or the cut surface. Three situations exist, the
cutter location CL engaged in: the finished surface; the
cut surface (without the finished surface) and without
contact with the part. Four configurations are presented
in Table 2. 
For each configuration ‘Table 2, the cutting speed can
be represented (Fig 6) as function of the θ angular
position of the cutting edge profile. Each configuration
is composed by the distribution of the cutting speed
which corresponds to the cut surface (thick line) and the
finished surface in dashed line. Each configuration curve
is drawn with a little offset in Fig 6 in order to
discriminate the different cases.  
5.1. The cutter location engaged in the finished surface  
 
Fig. 7. Configuration C1: ȕf = -1.5°, ȕn = 0° 
This situation exists when the minimum effective
cutting diameter on the finished surface is nil (Fig 7).
The geometrical consequence is that the tilt and lead
angles are small. This configuration is used with the
3 axis milling machine when the tool has a trajectory
perpendicular to the spindle axis. In that case the tilt and
lead angles are nil. 
In the entire finished surface (Tab. 2), the maximum
cutting speed (4.8 m/min) is only 4% of the cutting
speed (113 m/min) at the tool radius (6 mm). [6] shows
that this configuration induces compression residual
stresses in steel finished surface and the low kinematic
condition is not disconnected with the mechanical load. 
5.2. The cutter location engaged in the cut surface  
 
Fig. 8. Configuration C2: ȕf = -1.5°, ȕn = -7° 
Configuration C1 C2 C3 C4 
ȕf (°) -1.5 -1.5 0 0 
ȕn (°) 0 -7 -19 +19 
C
ut
 su
rf
ac
e Deff min (mm) 0 0 0.169 3.52 
Vc (m/min) 0 0 1.6 33.2 
Deff max (mm) 3.76 2.53 4.28 7.25 
Vc (m/min) 35.4 23.8 40.3 68.4 
Fi
ni
sh
ed
 
su
rf
ac
e 
Deff min (mm) 0 1.10 3.53 3.53 
Vc (m/min) 0 10.3 33.2 33.2 
Deff max (mm) 0.51 1.88 4.28 4.28 
Vc (m/min) 4.8 17.8 40.4 40.4 
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This situation exists when the minimum effective 
cutting diameter is nil on the cut surface but not on the 
finished surface (Fig 8). In the finished surface, the 
cutting speed is acceptable (Tab. 2). However all the 
effective cutting diameters lower than the minimum 
effective cutting diameter of the finished surface 
generate a very low cutting speed as the situation 
illustrated in Fig 6. 
5.3. The cutter location  without contact with the part  
This last situation covers a large choice of cutting 
conditions. However, two groups of different 
configurations can be made depending on the cutting 
speed in the finished surface. 
• The uncut point is without contact and has a higher 
cutting speed on the finished surface 
 
 
Fig. 9. Configurations: (a) C3 (ȕf = 0°, ȕn = -19°); (b) C4 (ȕf = 0°, 
ȕn = +19°) 
This situation (Fig 9a) results in a higher cutting 
speed in the finished surface, so the final machined 
surface is obtained with a better roughness quality 
surface than the surface of the actual path who is at 
higher altitude than the scallop height. The average 
roughness is about 0.22 μm in the finished surface 
versus 1.06 μm in the cut surface. The global range of 
cutting speed is lower than the situation with the 
configuration C4 in the Fig 6.  
• The uncut point is without contact and has a lower 
cutting speed on the finished surface 
This final situation (Fig 9b) results in the cutter 
location under the surface to cut. This geometrical 
configuration produces a lower cutting speed in the 
finished surface.  
In this case the criteria of the division of the 
maximum by the minimum cutting speed in the cut 
surface (Tab. 2) is lower than the previous situation with 
the higher cutting speed in the finished surface. 
Furthermore the range of the cutting speed in the 
finished surface is the same as the configuration C3. In 
conclusion this final situation presents a better global 
cutting speed because of the geometrical configuration. 
6. Conclusion 
The geometrical model of the 5 axis milling operation
demonstrates the influence of the tilt and lead angles on
the effective cutting diameter and the cutting speed. This
model allows to distinct the situation of the cutting speed
in the cut surface versus the finished surface. Some
experimental measurements of the effective cutting
diameters on the cut surface prove that the 5 axis
geometrical model is a good methodology to specify the
configuration. Several 5 axis milling configurations have
been analysed based on the position of the cutter versus
the part. When the cutter is in contact with the part, on
the finished surface or the cut surface, the range of the
cutting speeds are low. When the cutter is without
contact of the part, several configurations exist. If the
objective is to have the higher cutting speed, then the
configurations with the cutter under the finished surface
is the best choice.  
The Ti6Al4V alloy is a difficult to cut material so
precise cutting conditions have to be chosen as [2]. This
model is created to determine the conditions adapted to
the 5 axis milling operation. The surface quality of the
part is the consequence of the local cutting condition
effect in the finished surface but also on the milling
mode and the cutting forces. They will be investigated.  
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